Recently, two new (bivariate) means, denoted by R 1 and R 2 , have been introduced by Raïssouli in [5] . Inspired by his approach in establishing mean-inequalities, we give in this note some inequalities involving R 1 and/or R 2 and the other standard means known in the literature.
Introduction
The bivariate maps defined for all a, b > 0 by 
with L(a, a) = P (a, a) = T (a, a) = M (a, a) = U (a, a) = V (a, a) = a, are known in the literature as the arithmetic mean, geometric mean, harmonic mean, logarithmic mean, first Seiffert mean [9] , second Seiffert mean [10] , Neuman-Sándor mean [3] , first Yang mean and second Yang mean [12] , respectively. Other standard means, not needed here, can be found in the literature. See [1] for instance and the related references cited therein.
As in [5] , a mean which is continuous, symmetric and homogeneous (in the usual way) will be called regular mean, for the sake of simplicity. All the previous means are regular. Two different means m 1 and m 2 are called comparable if m 1 < m 2 or m 2 < m 1 holds, where we write m 1 < m 2 for meaning that m 1 (a, b) < m 2 (a, b) for all a, b > 0 with a = b. The previous means are mutually comparable, except U and A which are not comparable, see [7] . The two chains of inequalities H < G < L < P < A < M < T and L < V < P < U < M are well-known in the literature, see also [5, 7, 6] . A large number of papers concerning recent developments about the means P, T, M, U and V and their optimal bounds in terms of the other (power) standard means can be found in the literature, see for instance [13, 14, 15] and the related references cited therein.
Recently, Raïssouli investigated a general approach in service of meaninequalities, [5] . Such approach allowed him to introduce two new means itemized as follows
with R 1 (a, a) = R 2 (a, a) = a, where the notations sinhi and tanhi refer to the so-called integral sine hyperbolic and integral tangent hyperbolic defined, respectively, by
The inequalities H < R 1 < G < L < R 2 were proved there.
Needed Tools
In this section, we state some needed notions and concepts recently introduced in [5] . We denote by M r the set of all regular means. For m ∈ M r , the meantransform of m, denoted by m σ , is the mean defined by
for all a, b > 0 with m σ (a, a) = a. As example, we have 
Further, if for m ∈ M σ we set
then r m is a regular mean with r σ m = m.
We also use the notation, for m ∈ M σ ,
and we have the following result, [5, 6] .
Theorem 2.2
The following relationships are met:
With this, the chains of inequalities H < G < L < P < A < M < T and L < V < P < U < M can be proved again in a simple and simultaneous way, see [5, 6] . Finally, we recall the following result, [5] . Theorem 2.3 Let m 1 = m 2 and m be three σ-regular means. Assume that there exists λ ∈ (0, 1) such that
holds for all z ≥ 1. Then we have
As pointed out in [5] , (2.4) is strict even if (2.3) is an equality, provided that m 1 = m 2 . A generalization of this result to three or more means is retrieved in [7] .
3 Mean-Inequalities involving R 1 and R 2 We begin this section by stating the following result which gives a comparison between R 1 and R 2 with some standart means. .
Theorem 3.1
The following inequalities hold true:
Proof. First, the inequalities H < R 1 < G < L < R 2 were proved in [5] . By virtue of G > R 1 we can write, for all z ≥ 1, F R 2 (z) ≥ F U (z) and so we deduce that R 2 < U . Now, if we set for all z ≥ 1
then a simple computation leads to
It is easy to see that
It follows that h is strictly decreasing for z > 1 and so h(z) < h(1) = 0. By a simple manipulation, with Theorem 2.2, h(z) < 0 yields F R 2 (z) < F V (z), for all z > 1 and so R 2 > V . This completes the proof.
Theorem 3.2
We have the following inequalities:
Proof. According to Theorem 2.2, it is not hard to see that the three following inequalities
hold for all z ≥ 1. This, with Theorem 2.3, yields respectively the three first mean-inequalities. By similar arguments, we have
we then deduce the fourth mean-inequality, so completing the proof.
Theorem 3.3
The following inequalities hold true
Proof. As previous, we verify without any difficulty that the following inequalities
hold for all z ≥ 1. We then conclude in a similar manner. We left to the reader the routine task for obtaining other mean-inequalities involving three or more means including R1 and/or R 2 . For instance, we can by similar arguments as previous prove the following inequalities.
